Appendix F

Answers to Selected Exercises
Introduction to Perturbation Methods
by M. H. Holmes

May, 2010

Chapter 1
Introduction to Asymptotic Approximations

Order Symbols

1.1
a)il) a<2,v)a<l

1.2
c) f=—g=1/cand g =0

1.6
d) ¢1 << @5 << 2 << P53 << Py << g

€) ¢s << 1 << P2 << ¢3
g) not possible

1.7

b) 23/2(1 + 32/8)

¢) sinh(1) + ezcosh(1)/2 — 222 /(8e)
d) e*(1 —ex?/2)

g) l+en(n+1)/2

1.8

b) f ~ g — 1

c) f~—g(0)In(e) + fol 9(@)=9(0) gy
1.10

b) f =1/e and ¢ = —1/e; must have f — ¢ = o(1); yes, because given any
0 > 0 we can get |f — ¢| < d|¢]. But, ¢ = O(1) = |¢| < K and so given any
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§ > 0, we get that |f — ¢| < 4.

1.11
b) f=1+¢e%g=-1+e% ¢p=1and p=—1withegy=0

1.15
b) [S] ~ coy(y® = 1)e?/12 + O(e*)

1.18

) =246, 1+¢&2

) 1/34¢/81, £/3/e —1/6

)e+ed, (1 —e%/2)/e

) £Vel/2 -1 —¢[24 (1 — e 1/2)71/2)/8

)1 —+3g/2, =1 +¢/2

i) setting f = x — [ exp(esin(z + s))ds then f(0) < 0 < f(2m) for f' >0
for 0 < € < 1/3 means only one solution; x ~ m — 2¢

m) z ~ ++/—1In(e)(1 4+ ¢/(2In’¢))

(]

e
f
g
h

n)z~e(l+ac+ala—1)e2+...)
o) w ~e/py/* — phe?/(50")
p)xy~e(l+e+...) and x, ~ 20 + In(zp), where zo = —In(e)

1.22

a) x ~ k + ex; where z; = (—1)F210%k°/[(k — 1)!(20 — k)!]
b) e < 2.2 x 10711

1.23

a) & ~ —cos(1) 4+ 2esin(1) cos(1) + ...

b) P ~ 2r(1 + 1002)

1.25
b) E ~ M + esin(M) + 2e?sin(2M) + 1e*(3sin(3M) — sin(M))

1.27
b) k(s) ~e/f

1.28
b) x5 ~ eIn(3/yo)—e>y1/yo where yo = y(0) = 1.3 and y1 = 5 In(3/y0) In(yo/(2—
Y0))

1.29
a) A ~ Ao +eA; where )\g is an eigenvalue for and A and \; = x{ Dxg/x¢ - Xo
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b) A ~ Ag + €Ay where Dx = A\1x

1.30
a) ATt —cAT'BAT?

1.31
a) AT+ (K 'BTP, — ATBAT) where K = ATA and P, =1— AAT

1.34
a) T, ~ 24 4e

1.35
b) y ~ yo + ey1 where yo = —7/a+ (1 + a)(1 — e ") /a? and

ayp = /OT f(s)ds —e™ T /OT f(r)e®dr

¢) Method 1: if yo(79) = 0 with 79 > 0 and « > 0, then i) yo(2) > 0, ii)
%7’0 <0ifrg > 1,andiii) a =1 = 1.5 < 719 < 1.6. Thus, 1 < 79 < 2Va > 0;
Method 2: o << 1 = 7~ 2 —2a/3 = decrease

1.36
A ~nn(l — kne) where Ky, = f01 p(z) sin®(nra)dx

1.37
a) y ~ Acos(nrx) where w = nm + €2(2 — a® — a)nwA?/(16a2) for
n=1,2,3,...

1.40

a) A ~ aXg 4+ a®A; where A\g = K(0,0) for A\; = 1[K,(0,0) + K,(0,0)], and
y ~ yo(x) + ayi(x) where yo(xz) = K(z,0)/K(0,0), and y; = [Ks(x,0) —
2X1y0(2)]/(2X0)

c) Aasin (a) and ¢ ~ 1+ aK,(0,0)(¢ —1/2)/K(0,0)

1.41

2
c) By = ffooo Vi3dr and By = — ffooo z/;(jQ (ffoo(Vl — El)quds) dx
d) Yo = Ag exp(—3Eox?), Ag = (A/m)'/*
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77
Orco + f(co) = ag(t) where ¢o(0) = 0 and o = |0421|/|12|

7?7
a) il) Loy = 0, +e(f0? — f.0, — f,0,) + O(£?) evaluated at z =0

1.45
b) p~e?[(B —1)(1 — s?)/2]" where r =1 +€s

Chapter 2
Matched Asymptotic Expansions

Introductory Example

2.1
a) y ~ax+ (1 —a)(l—e /%)

2.2

a)BLatz=0,y~1/V3+z—e 2/V3 where & = z/e

b) BL at =0, y ~ g(z) — g(0)e™® where g(z) =1 — f; f(s)ds and T =z /e
c)BLat =0,y ~¢e(l+2z+2e%)/3 where T =z/e

d) BL at =0, y ~ sech(1)[—sinh(1) — e* 4 (1 + e)e™ %] where T = z /¢
e)BLat x =0, y ~ =32 + 4(5 — 3¢7%) /(5 4+ 3e~*%) where = 2//2

g) BL at = = 0, y ~ (1 + 72?)Y/3 — 3/2/[sinh(z) + V2] where z =
V3 /e + arcsinh(23/2)

2.9
a)y ~ BF(x,1) —f; F(x, r)g(r)dr—i-e*p(o)x/g[oz—BF(O, 1)—1—]301 F(0,r)g(r)dr]
where g(r) = f(r)/p(r) and F(x,r) = exp(f; q(s)/p(s)ds)

2.10 ,

a) y ~ 1+ aeV® — Lte [ e=*""ds where T = x/e2/3, a = 2/e, and
k= 2I(2/3)

2.11

)y~ F(x) — F(0) exp(—72/2) where 7 = z/V/E

b) y ~ f(z) — f(0) exp(—q(0)z*/2) where z = z/./e



F Answers 425

2.22

)y ~ (= 1 (0~ F0)e T +g el +lgo — (3~ 1)~ F(O)] ]I ¢
where t = x /¢

7?7
drco + f(co) = ag(t) where ¢o(0) = |2|7! [, h(x)dV and a = |0£21]/|12|

2.13
a) y ~x +122/(1 + 2)? where z = exp(v/2x/e)

Examples Involving Boundary Layers

2.15

a) BLat x =0,1: y ~ 1 —x —exp(—z/+/e) — exp((z — 1)/1/2)

b) BL at x :/\Of,l: un~ —f(x)+ f(0)exp(—z/+/E(0)) + f(1)exp(z/+1/E(1))
where = x/+/¢

c)BLatz =1y~ (2—¢€2®)/(2+¢€?**) + (1 — A)e ® where Z = (z — 1) /e
and A= (2—¢2)/(2+¢?)

d)BLat z =0,1: y ~ —e®f(x) + (f(0) + 1)e=% + (ef(1) — 1)e*Ve

e) BLat x =0,1: yo = V1 + 22

g)BLat x =0,1: y ~ e® — e ® + (4 — €)e” where T = x/e%/*

h) BL at z = 1: y ~ V7 — /9 — 2z + Y(Z) where

Yo dr _
/,2 A—r2)2+8)3 "
for A= (—10+7V7)/3
i)BLat z = 1
j)BLat 2 =0,1: y ~ —z + 2e~%% 4 4e"® where r = —1 4+ /5, Z = x/¢, and
z=(rx—-1)/e
k) BL at z = 1: y ~ Yy(Z) where T = (z — 1)//¢, and

2 dr

2(r —In(r) — 1)

)BLatz=0,1: y ~e* + Yy(Z) — 1 + Zp(Z) — e where

Yo dr

2 ry/2(r —In(r)—1)

m) BL at = 1: y ~ yo(z) + Yo(Z) — o where 343 —yo = 6 — ka for yo(0) = 3,
a=yo(1), = (xr—1)/e, and
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/Yo 4dr .
s (P—a?)(r2+a2+2)

2.17
BLatz=0,1:y ~ /{51(176*(”1)/576@’1)/5 and k ~ Ko+... = ko = 21/3

2.18
a) y ~ H(0)/H(z) + Yy(z) — H(0)/H(1) and Z = (x — 1) /e and
#/H(1) = H1)(Yy — 1) + H(0)In ‘fm

2.19
iii) y ~ arctan{’— + 4arctan(ae~*%), where a = tan(m/16)

2.23
b) A ~ n?7?(1 + 4e + (12 + n?7?)e?)

2.24
Y~ —f(x)/q(w)+(a+fo/qo)ero$/5+(ﬂ+f1/q—1)6”(9”’1)/5 where fo = f(0),
etc and 19 = —po — \/Pg + qo and r1 = —p1 + /P + @1

2.25

a) 7= (B — )2

b) 6 = ca+ vord(x,)

c) outer: ¢ ~ ea/kHD BL at 2 =0, & ~ —c*/(B + kz/VE + 1)Y/*, where
k= (2k+1)/(2k +2), B = (—yWk+ 1)"%*/*+1) and # = x/e*; solution
symmetric about z = 1/2

d) it’s necessary to find the second term in the BL to be able to match

e) v = (8 —al2))/]0%

Interior Layers

2.32
a) IL at zg = 1/2: y ~ erf((z — 2¢)/V/2¢)
b) IL at o =0

c) IL at zg = 7/12: for 0 < & < wg, y ~ 3/(5 — 3z) — 26/(1 + Be #%) and
for 1o <o <1,y ~ —2/(1 + 2z) + 28Be~#% /(1 + Be A7) where 8 = 12/13,
T = (xr —x0)/e and B > 0 is constant.

d) IL at o = 0

e) IL at xg = 1/2: for zo <z < 1, y ~ yo(z) + Yo(Z) — a where yo + y3/3 =
x/2 —4/3, a=yo(rl), T = (r — 20)/¢, and
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/Yo 4dr .
o (a2—7r)(r2+a2+2)

f) IL at 29 = 2/3: for 0 < z < 29, y ~ —1 — 3x — 6Be3* /(1 + Be3%) where
T = (x —xg)/e and B > 0 is constant.

OLD b) IL at 29 = 0: y ~ —2/x for x # 0, and Y ~ 42M (1,3/2, —72))/\/2
where T = x/\/e

OLD d) BL at « = 0 and IL at zg = 3/4, for 0 < © < g, y ~ Yy —
3exp(—37/16) and for zo <z < 1, y ~ Yy + [/ — 1/4 — 1/3/2]/(x — 20)3/?
where Yo = 1+ s[I'(—=1/4)M (3/4,1/2, =32 /4) + ['(1/4)M (5/4,3/2, —52 /4)].
Also, k=1 = 323/4/37, & = (x — x0)/\/E, and T = x /e

XXXXXXX I think a  is missing in IL sol XXXXXXXXX

2.35

a)y~1++v1—2z?
)y~1+vV1—x2for0<z<x9=1+3/2,y~0forzy <z <1,andin
the IL at xg, y ~ Zo(Z) where 2/Zy + (4/3)In((3/2 — Zy)/Zo] = T + B for
T=(r—wo)/e

d) in the BL at « = 1, y ~ Yy(Z), where (2 — 3/Y))exp(3/(2Y0)) =
(7/2) exp(3(@ — 1)/4)

2.37
b) BL at z = 0,1: y ~ k(22 — 1) + (=3 — k)e® — ke~ %, where ¥ = (z — 1) /e
and T = z/e

2.38
a) outer: y ~ 2(k+ Vk?+4a) for k = 1 —a —2/2; BL: 2 = (z — 1)/e,
4a = 1-2a+vV1 + 12a + 402, 4b = —14+2a+V1 + 12a+ 402, and 0 <Y < a
2.41

satisfies .
a—-Y b+Y _ 2a+b)
a b
a) T =Ty

b) T ~1—eln[l — (Te — 1)"{]
c) p=¢e"exp((1 —Tw)/(eTx)) and

T
T+71 = —/ r~"exp(r/T2,)dr
1

2.40
)y = —2+xz/4+4c [; exp(—4g(s)/e)ds, where g(z) = 2% /3~ (a+b)x?/2+abx
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and ¢ is an ¢ dependent constant that makes y(1) = 3. The desired conclusion
comes from the fact that ¢ = 0 if g(x) < 0 anywhere in the interval 0 < = < 1.

Corner Layers

2.43

a) CL at zg = 2: y ~ xo + |z — 29| and Y ~ 20 + £[2In(1 + e®) — 2] where
T =(x—m)/e

b) CL at z¢ = 2

¢) CL at zg = 3: y ~ —1 + 3|z — x|

d) CL at 2o = 0: in the CL, Y ~ /2 [$2(—3 + erf(z)) — exp(—2?)/(2v/27)]
where T = x/\/e

OLD ¢) CL at g = 0: y ~ —ze~ " and y; ~ z(2e —e™ %)

OLD d) BL at + = 0 and CL at 9 = 5/8: y, ~ 0 for 0 < z < 0, and
yy=1—+/9/4—2zforzg <ax <1
OLDe)BLatz=0and CLat 29 =1/2:y, ~1/2for0 <z < zgand y; ~ x
forzg <z <1

2.47
for0<z<a:

b a

b bma (g — g\ b-o
N]_—
1-3(5) T ()

Y ~ 1+ [M(—v,1/2,—(b—a)z*/2) — kM (1/2 — 7,3/2,— (b — a)Z/2)]

for CL at z = a:

where vy =a/(2(b—a)) and K = \/2(b—a)'(n+1/2)/T'(n) for n =by/a

2.48
Outer: y ~ yo(x) where

/2 dr
L  —1-2
yo arctanh(r — 1)

BlLsat z =0,1 B
CL: & = (z — xo(e))/e where zg ~ /eIn(3/yo(0)), yo(0) ~ 1.3, and ¥ ~

y0(0) + Yy for }N’O’ = arctanh(7T") where —1 < T < X and satisfies

(A= 1T)?

420 =1)E
A7) =Ty~ Ae o
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where A is positive and A = yo(0) — 1.

2.49
a) BLsat x =0,1 and a CL at x =1/3
b)ILsat v =3v2—2 andat x = & — £/2

3 8 3
c)lLatz=3v2-2 aCLlatz=1/3andaBLatz=1
PDEs
2.55

a) u~ h(z+s)+ [g(t) — h(s)] exp(—xs(t)/e] where s = fg v(T)dr
b) the second term is uj(x,t) = th” (x + s)

2.58
b) X ~ s(t) +2eIn(B)/(ud — ug)

2.59

a) outer layers (z # at): u ~ ¢(x — at) exp(—[t)

transition layer: U ~ e 7 [p(0T) + $(6(07) — ¢(0T))erfc(z)] where z =
(z — o)/ (2/2)

2.60

outer layers (z # s(t)): u(x,t) ~ ¢(xg) where x = zg + f(d(x0))t and 29 # 0
shock layer: letting F'(u) = f(u), where F(uf) = 0, and G(u) = F(u)/(u —
ug), then s'(t) = G(ug ) and

Vo dr _—
/u; (r—w)IGr) — Glug)]

2.61

w s ke [T ert(1 — )/ /22(t = 7))dr

2.63
¢~ erfe(n/(2v) + (1 — 2 Jerfe(&/25E)

T+p 5 pt

Difference Equations

2.67
a) Yn ~ Ar" + Br™ where ry = (3 4+ /62 + a?)/a
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b) a = hp, /2, B = h?q,/2; the second derivative does not contribute

Chapter 3
Multiple Scales

Introductory Example

3.1
a) y ~ 2sin(t)/v/4 + 3et
d) y ~ VEexp(—at/2) sin(t/ V)

3.2
0 ~ ecos((1—¢e2/16)t)

3.13
a) y ~ A(7)cos(t) + B(7) sin(t), where A(0) =0, B(0) =1,
1 2m
= — F(—Asin(t) + Bcos(t)) sin(t)dt
2 0
and
1 27
B = —5- F(—Asin(t) + Bcos(t)) cos(t)dt
T Jo

b) A=0and B = 37/(37 + 47)

3.6
¢ ~ a[l —v2exp(—(1+7)et/2)sin(t + /4)]

3.8
a) ¢ ~ A(z,t) exp(—iv(z)sin(t/e)], where 2i4; + 24, = v2A.

3.14

b) q = qo exp(—iwty), where w = /By — a2 and q¢ = (5, iw — a)T
c) p = appo exp(iwt;) + cc, where pg = (7, iw + )T

3.11
b)

1 2m +1 n 2m+1
O = ——=
To22mAl [\m+1—j m+j
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¢) If j # 0 then

and

Weakly Coupled Oscillators

3.30
c)
_ 1 k‘%CO
Kl=—--—5—"3573%
! 2my k% + cgw%
= 1 koc?
91 = W1 1 + ° OCO

2 1 2,2
2mq kg + cqwi

where w? = k1 /mj.

Slowly Varying Coefficients

3.35
y ~ D(et)~V4[BD(0)3/*sin(7) 4+ aD(0)*/* cos(7)], where 7 = f(: D(es)~?ds

3.37
The higher order terms for the stability boundaries can be found in Abramowitz
and Stegun (1972), pg 724. Note, using their notation, a = 4\ and ¢ = ¢/4

3.41
b) s = g(x)/g(1), where g(z Wdr Wherevfg( )
c) h~ /' (s)/2 = v ~nm—ecu, where 4oy = fo ) sin(2nms)ds

d) v =0 = XA~ X+ &), where \g = n7, and )\1 =v; —v/2 = —nw/2.
Also, Y ~ A(1 —es/4) sin(nns) + Be sin(mrs) and s ~ z[1 +e(x — 1) /4]

e) the eigenfunctions have the form y, = /1 + exsin(a, In(1 + ex)), where
ay is an € dependent cosntant

Forced Motion Near Resonance

3.18

a) u~ a+ (1 —a)cos(d —ea?d)
b) 27(1 + a?e)

¢) A ~ 42.98"
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3.19
a) y ~ A(et) cos(t + ), where A =2 or A =2\/c/(c+4dexp(—ct))

3.20
b)
1
Yo="15 cos(3t; + wtq) + 2r(t2) cos(t1 + 0(t2))
where
2 = —1—6117"2 sin(f — wtq)
and

O SR S 2
20" =k <128 6" cos(f — wtq) + 3r
where (0) = 1/16 and 6(0) = 0.

b) AZ[9N? + (6w — 2 A2 )2 =1 = Ay =1/(3))

o0

3.21
a) 0 ~ e2(sin(wt) — wsin(t))/(1 — w?) + O(¥)
b) 24’ = — cos( — wet) and A3 + 16wA,, £8 =0

3.22
y ~ /3 A(et) cos[kt + 0(ct)], where A (32 A2 — 2wk) =1

3.23
a) y ~ e'/3A(2/3t) cos[t + 0(%/3t)], where Ao (0 + (2w + A2)?] =1
b) yes

3.24

a)y ~ f(v)(1 —e ¥t cos(t)), where 2y = B+ a(v? — 1)

b) y ~ L A(et) cos(t + 6p), where 24" + [B + a(v? — 1+ 1A%)JA =0
Other references: Derjaguin, et al. (1957) and Vatta (1979)

3.27
a) O ~ /3 A(et) cos[t + ¢(et)], where 8A’ = [asin(2¢) — 4u]A, and if A #0
then 16¢" = 2 cos(2¢) — A2 — 4. Note that a < 4p = A — 0

Introduction to Partial Differential Equations

3.48
a) u(z,t) ~ 30| Bue~t/2 cos((A2 — £/2)t) sin(\,x)
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3.50
b) u~e(l —2)U(r) and p ~ 1/[1 — [ U(c)do]

Linear Wave Propagation

3.53
b) u ~ ;ggg) [f (@ — [ cler)dr) + f(z + [ cleT)dr)]/2

3.54
b) v J= [ [f(a — t+ 2rV/Et)e " dr

3.55
a) p~ [F(z —t) + Gz + )]/ 4

3.56
characteristics satisfy 2y =y, yr = —f(t)x = 2" + (a — e cos(t))z = 0 which
is Mathieus’ eq

Nonlinear Waves

3.57 )
u(xz,t) ~ acos {k‘x - (w — Sac ) t}

3.60
b) The solution has the form given in (a), except that
F p(01)
(01)[1 = exp(ta/(1 + ¢))] + 2exp(ta/(1 + ¢))
and 0
G q(62)

~ 14(0)[1 — exp(t2/ (L €))] + 2exp(t2/ (1 + )
where p = g 4+ v/2h and ¢ = g — V2h, and u(z,0) = g(z) and v(z,0) = h(z)

3.61

b) u ~ e{By + Agcos[(f + ¢(7)]}, where § = kx — wt and T = &7¢; i)
By#0=v=1,¢=¢9—artBy,and ii) By =0 = v=2, ¢ = ¢9 + C71
for C' = akcy — a?A%/(248k) where cg is an arbitrary constant

c) u ~ glut+A(r) cos[@+aeu(z—t)/(38k)+¢o(r)]], where r = ex—(1—38k?)et;
the case of when p = 0 is considered in Schoombie (1992)
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3.58
b) u=1/(1+ exp(A(z +t) — et))

3.65
b) uo = Up(t1 +0(, t2)), where Up(s) = 1/(1+e~*) and 0 = & In(1 +4eAt) —
[eNt(x1 — 20)? — Mo — xo)(z — 21)]/(1 + 4eXt)

3.67

b) u = ug(f,x2), for § =t — x and x5 = ex, where up = 0 if § < 0 oth-
erwise Jgug = ¢'(s) where s = s(6,z3) is the non-negative solution of 6 =
s—5a2f(—g'(s)). Thus, for 0 > 0, ug = g(s)+5x2[g'(s) f(—g'(s))+F(—g'(s))]
where F'(0) = f(o) with F(0) = 0.

3.68
b) s ~ F[F(¢1) + F(¢2)], where ¢1 = z — t + etF(¢1)/2 and ¢ =

3.69
a) p~1+ef(z— M)+ 22Atf'(x — M) where A = a + 8

Difference Equations

3.72
a) yn ~ Ae

2en

3.77
a) yYn ~ a"Yo(s), where g5 = g(¥o)

3.78
from (a) 0’ = 3 A?; from (i), 6’ ~ 2A%(1+ Lh?); from (ii), 0/ ~ 3A%(1— Sh?);
from (iii), 0’ ~ 3A%(1 — 1h?)

3.79
a) w? = w? + 4sin?(k/2)
b) un(t) ~ eA(t) cos(kn — wt + ¢(t))

3.80
a) gn ~ Go(en), where Gy(s) = vGo(l — Go)(a + BGy), where v =

=3V f0)



F Answers 435

b) gn ~0,1,—a/B; 0 < goo <lifa>0and S <0 with0<g; <1

Chapter 4
The WKB and Related Methods

Introductory Example

4.1

c) ywip ~ Alexp(—e®) —exp(e® —2—x/¢)], where A = 1/[exp(—e) —exp(e—
2—1/¢e)], and y. ~ exp(e — e*) —exp(—1+e — x/¢)
4.3
d) y ~ ¢~ V4(Ae"F + Be %) exp(—3 [* f(r)dr), where n = [*\/q(r)dr
4-9 ’ ’
¢)y ~h ' 2lagexp(£ [“(—p+ h+ L)ds + byexp(— o [“(p+ h + =)ds],
where h = /p? — 4q
4.5
c)

w ~ g(@)[(a+ b/n) sin(Ad) — arc‘;(:"e) /0 ' Ji)»q(f — 2qXoAa — pg" /g)ds).

where a and b are constants, § = fom Vq/pds and \g = 7/k. [XXX why Ag
here? XXX]

e)Awn(l—#%)

4.6

c) yx ~ ¢~V exp(5 [T (£y/—4q + ep? — V/Ep)da).
4.8

a) Yt ~ mixi”[l = %(ai +x N+

b) J,(x) ~ 27‘r1/ (g—‘"’:) — (1 + 32%)).

4.13

a) y ~eet/? {sin[a(l — e7")] + e(e! — 1) cos[a(l — e*)]}, where o = 1/e
b) two principal shortcomings are: (1) differences in zeros — this is a relatively
minor problem as discussed in Section 1.4, and (2) unboundedness of second
term for large ¢+ — in particular, we need e << 1. The latter problem is
due to a turning point at ¢ = co

¢) y = 5[Yo(a)Jo(B) — Jo(a)Yo(B)] where a = 1/¢ and = ae™*

4.14
a) eBR" + (=1 + AB)R' = 0 and BR'(0) — R(0) =0 = R = 1 — reF2/¢
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where r =1/(BA) and k = (=14 A\G)/8
b) R~ 1+ Ae=9®)/2 /(1 - \B) where 0 = Az — [} 22 and A =1—1/(ABo);

B(s)
the conditions are that § — co as * — oo and A8 > 0 for 0 < z < o0
4.15
P ~ A(z,¢) exp(6(x) /e + nuox(exp fo , where 0, = In(¢)
and ¢ satisfies pow [ exp (,uom fo ds) dn =1

Turning Points

4.18

b) E=¢e(2n+1)/n

d) E ~ (ape™N?)V7(1 + B/N?), where 4o = 7 [I" (
3m(m +2)28 = 4m(m — 1) cot(n/m)

4.19

b) the approximation for ¥(x) is given by (4.48) for < a, and for = > b one
finds ¥ ~ 2ag|q(z)|~"/*e=?/¢ exp(i(—Et — 0/ — w/4)) where ¢ = V(z) — E,

o= f; Vq(s)ds and 0 = f; Vq(s)ds

4.23
b) balancing = o =1/2 and § =1/4

B2) /1 ()] and

Wave Propagation and Energy Methods

4.30

b) E = %Dufm + %/zuf, S = —uzt Dugy + w0 (Duy), @ =0

Wave Propagation and Slender Body Approximations

4.35
a) for the nth mode the general solution has the same form as in (4.102) but

in(\, — . B
vy — Sm\(/g*xy) (aLez(wt 0@)/el+¢ |, ilwt+0(2)/e] c)
where 6(z) is given in (4.105) and ((z) = x)//wiu? — A, dx

Ray Methods

4.52

a) k = wpu, where u is the unit vector given in the ray equation initial
condition.

b) Given that 8; = 0 on the interface it follows that (uy—ug)-x =0,¥x € S.
Consequently, u; — up is parallel to n, and from this it follows that the three
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vectors are coplanar. That the angles are equal follows from the identity

u-n = cos(p).

4.48

a) D(VH-V0)? =

4.43

b) STAM Appl Math, v16, 1968, 783-807

?7?

a) a = p(— 1/2 Sln ) where zg = min{0, roots of u(z) = « for z > —1/2}
= /tan(¢ ,uJ /(4m)

4.50

a) ;1 = constant = rays are straight lines = wave fronts parallel = R; = p;+s;
in R2, p; = 0o

4.45

a) (4.134) = Xss = aX —bX; = ps =0

b) k = tropu(re) sin(¢g) where ¢ is the initial angle the ray makes with the
radius vector

4.51
¢) note k ~ 0.0657, where r. is the scale factor (in km) used to nondimen-
sionalize r* = r.r

4.44
Claim 1: 0sX|s=¢ = kn, for some scalar .

The first thing to note, from the WKB expansion in (4.120) and the ray
equation (4.124),
Vo ~ e [iuv, Vo + - -]

it | o x|
A
In what follows it is assumed that the boundary surface S is parameterized
as x = r(a, 8), where the tangent vectors to, = O,r and tg = Ogr are

orthonormal. If n is the unit outward normal to S then, using this and the
tangent vectors as a basis, we can write

Vo= (Vv-n)n+ (Vv-t,)te + (Vv -tg)tgs
Also, from the boundary condition (4.119), it follows that on S,
0o =Vv-0,X=Vf"t,,

and
Ogv =Vv-0X =Vf-tg.
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Combining our results, we have shown that
(Vo-n)n+ (Vf-to)te + (Vf-tg)tg ~ %f(xo)asXh:o +---. (F.1)

This assumes that
0|s=0 = 0. (F.2)

Given that S and f are independent of w, and assuming that A is inde-
pendent of w, (F.1) shows that 9sX|s—o is a scalar multiple of n. In other
words, JsX|s=¢ = Kn.

Claim 2: Kk = A\u
To find k, note that from (4.122) and (4.124),

0X 90X ., ,

— — = A\*uc. F.3
ds 0Os K (F-3)
From this, it follows that x? = \2u2.
Therefore,
0X
=\ F.4
ds |._, oMo 1o, (F.4)

where ng is the unit outward normal at xg, and A\g and p are the values of the
respective quantities at xg. This, along with (4.130), are the initial conditions
used in solving (4.129).

Discrete WKB Method

4.62
a) Yn ~ (2 —4)"Y4ag exp(04 /) + by exp(f_ /)] where

Hi:/ In (;(qi\/qz—él) dv

b) Qpiy1 = cnanfl/an

4.63

a) yn ~ [agexp(if/c) + by exp(—if/e)]/(1 — v*)'/* where v = en and § =
varcos(v) — V1 — 12

b) ag = \/e/(2m)e!™/* and by = \/e/(2m)e""/4

4.64

a) zn ~ v=/2(ar, 4+ b/rn)/v/1+ 40 where v = en and

n—a/2
- <1+2V+\/1+41/) exp (VIT 3/(22))

14
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4.65

b) v =k —mnand R ~ e?/¢[Ry(n,k) + ---], where = 4 (1 — &) In(1 — )
and Ry = A[(1 — k)e™]e™/?

Chapter 5
The Method of Homogenization

Introductory Example

5.3

a) 9, (Ddyug) + g(uo) = dyuo + (f)oo

5.9

e) (DY)t = 1/(¢aDa + ¢5Dp), which is a volume fraction weighted

harmonic mean ; the harmonic mean is obtained only when ¢, = ¢5 =1/2
f) the greatest relative error occurs when ¢, = 1/2 with a relative absolute
error of (D, — Dg)?/(4DoDg); the error is zero if ¢ = 0 or if ¢ = 1

Porous Flow

5.19

b) Setting w, = (ugq, vg,wy) for ¢ = s, f = V2w, = 0 where w, is periodic
and on the interface D;n - (e1 — Vyu,) = aDsn - (e — Vyuy), ete

5.20

b) V2 — 22ae*®) f = zae*®° where n -V, f = 0 on 942y

e) ¢ satisfies the Poison-Boltzmann equation quﬁ = zae® in 082y where ¢
is periodic and n - V,¢ = o on 02

Chapter 6
Introduction to Bifurcation and Stability

Introductory Example

6.1
b) y+ = £3v1 — 42 for —1 < 2X < 1 where y, is stable and y_ is unstable
6.3

b) supercritical pitchfork when \,, = (nm)? and 6,, ~ 2v/2¢ cos(nwz)/(n)
b) Vi ~ —2¢%/m? = O, = 0 is unstable for A > 72

c) for 0,, one finds V,, ~ —2¢2/(nm)? = V; < Vo < --- < V,, < 0 and this
suggests that V7 is the preferred configuration
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6.4

a) y = Asin(nmx) where A = 0 or A? = 2(\ — (n7)?); pitchfork bifurcation
at (Ap, 4p) = ((nm)2,0) for n =1,2,3, -

b) V, = —A%/2

a) 6 = 0 stable for 0 < w < 1 and = darcos(w~?) is stable for 1 < w < oo;
0 = £ is unstable

6.7
c)kp=0and 0 < Kk <1/2
d) slope fort £2 = 40 is 24.34 and slope for 2 = 30 is 20.36; w = €§21/1/2 — K2

6.8
¢)w = 2and v ~ A(T)cos(t + (7)) where A = Ag\/a2 + e=37e>7/* and
0 = —m/4 + arctan(age®7/?)

Relaxation Dynamics

6.10

b) In(yo) — 243 =t + (In(3) — 3) and the corner is at t =1 — $1In(3), y = 1,
and v = —2/3

d) T ~3-2In(2)~1.614

6.13
a) subcritical saddle-node at (A, yp) = (0.1291,0.0635)

6.14

a) subcritical saddle-node at (A\g,y0) ~ (280.76,2.360) and a subcritical
saddle-node at (A1, y1) =~ (336.6,6.6355)

¢) Y ~ y1—0e/3(ao Ai' (—EF) +bo B (—E7)) / (ag Ai(—EF) + b Bi(—£7)) where
o =¢&/(15y1 — 74), € = [(15yr — T4)(yr — 1)]/3, and 7 = (7 — Ay)/e?/® =
To = A1+ (2.3381---)e2/3/¢

6.15

a) transcritical bifurcation at (0, 0) and a subcritical saddle-node at (9/8,3/4)
¢) y ~ ys+e/3Acos(wt+0) where A2 {k2w?+JAL [—147(1—2y,)? /w?]?} =
1

An Example Involving A Nonlinear Partial Differential Equa-
tion

6.43

a) us = £y/Asin(nz) and \, = n? where A = 2/1/3

b) us = 0 is stable for A < 1 and us = £/ Asin(z) is stable for 0 < A—1 <<
1

6.44
a) us = e*Asin(nmz) and \, = (n7m)? where i) n odd = A = 3/(8n) and
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a =1, and ii) n even = A% =6/(5\y) and o = 1/2
b) stable for A < 72
Additional References: Bramson (1983) and Fisher (1937)

6.45

a) i) us = 0, VA, and ii) us = A, sin(nz) with A = \,(1 + A2/8) where
An = (nm)?

b) unbuckled state is stable if A\ < 72 and unstable if A > 72

77

b) £ = 0 and stable for A < 1

¢) v~ e[By+ Agcos((1 + 3¢)z + bp)] and k ~ +A3e? where e = X — 1

6.50

C) Ug = (UZ +’LLj)/2, Q5 = 7(’(1,1' — ’U,j)/?, 6”' = (Uj — ul)/\/é and Xij =
V2sgn(u; — u;)(ur + uz + uz — 3ug); see Albano, et al. (1984)

6.51

b) for 0 < A < 7 the steady states are u; = a;x, for ap < as < ag where uy

and ug are stable, and uy is unstable; for 7 < A the steady state uz is unique
and stable

6.52
a) u~us+ > ve™ = A< 1

Bifurcation of Periodic Solutions

6.17

a) saddle-node at (—1/4, —1/2), a Hopf at (0,0), and a transcritical at (0, —1)
b) y ~ /EAcos(t; + 0) where 8A’ = A(4 — A%) and 246" = 36 — 31 A2

6.18

a) ys = 0 is asy stable onlt when A < 0
b) y ~ A(et)sin(t + 0p) where A(1) = 1/(apa + cexp(—nT))/?"

6.20

c¢) Assuming T = 5 + €2, to = €%, and y ~ 1 + ey1 + €%y + y3 - - -, shows
that there is stable limit cycle for ¢ > 0. Note that y1 = a1 (t2) exp(iXty) + cc
where A > 0.

6.34
b) y = yo stable for Ayg < 2 and there’s a Hopf bifurcation at \yp = 2

Systems of Ordinary Differential Equations

6.25
a)r' = —r(r?=X1-2))) and ¢ = -1

6.26
a)y=v=_~1-a-B+nu)/2
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6.28
a) y =v =1 is stable for A < 1/(y — 1) and unstable for A > 1/(y —1)
b) a Hopf bifurcation takes place

6.29

a)z=7/(1—-7),n?=(1-7)/ais stable for (1 —7v)3 < 4a

6.30

a) ¢ = Tsexp(—Ts) and Ts = p/k; steady state is asymptotically stable if
k> (Ts — 1) exp(—T5)

b) supercritical Hopf bifurcation at p; and subcritical Hopf bifurcation at p,
d) p1 ~ k(1+er+e2s2+- ) and pr ~ K((—¢ 1 —1.5¢"2+---) where ¢ > 1
satisfies Cexp(—() = k = ( ~ z0 + In(z0) + In(z0) /20 where zy = —In(k)
6.31

a) xs = u/a, ys = a/p is stable

b) s = p/a, ys = a/u is stable if © > p. and it’s unstable if 0 < p < pe
where . = av/1 — «

6.35

a)f=2z=0

b) # = 0 and z = e cos(kt); the motion is straight up and down; see van
der Burgh(1968)

6.36
a) A <0
b) k2 =X—7r2 and 0 < rg < VA

6.37
a) Hopf bifurcation along line A = —p for —1 < p < 1
b) y ~ v/eyo(t,7) and v ~ \/evy(t, ) where T = et. As t — o0, yo — sin(O)

and vg = /1 — p2 cos(O) + psin(O) where © = (1 —eu)/1 — pt+ 6y

Weakly Coupled Nonlinear Oscillators

6.40
a) o =2 arctan(v + sign(eb)/1 4+ +2 tanh(q))7 where ¢ = $cpty/1 4+ 72 + o,

— _ K K _ K K
7= cafen e =b (5 -2, co=a (24 2)

Metastability

6.55
) zs = 1(1+ 2x).



